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Abstract

This study consists of two parts. The first is the subject of this article
and explores the dynamics of neuronal ignition in the Global Workspace
(GNW) model, using a statistical mechanics approach with stochastic Hop-
field networks. Taking as a starting point the previous work [JNT2025],
we now propose a model where the local modules and the workspace are
stochastic Hopfield networks, interacting through connectivity and feed-
back. This work also provides an initial basis for understanding GNW
through the formalism of statistical mechanics, establishing parallels be-
tween GNW and complex systems in statistical mechanics, providing an
innovative perspective on emergent properties of the model. In the sec-
ond part, in preparation, we investigate how stochasticity, network capac-
ity, and information integration influence the ignition phase transition. We
use Integrated Information Theory (IIT) to quantify the overall coherence of
the system, analyzing the role of Entropy Transfer between modules and
workspace, and in the calculation of Phi. The results provide insights into
the mechanisms underlying consciousness and its emergene.

*intavar@fc.up.pt; Homepage: jntavar; Homepage: Casa das Ciéncias.

IAbout the title: "Mind and Consciousness”. The mind is the set of mental processes and
thoughts. It is often associated with cognitive processes such as reasoning, memory, imagi-
nation, and decision-making. Consciousness is the ability to have subjective experiences, to
feel emotions, perceptions, and to have self-awareness. It involves the ability to be aware of
the external world and our own internal world (mental processes and thoughts).
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1 Introduction

The Global Neuronal Workspace (GNW) model has been one of the most in-
fluential theories in cognitive neuroscience for explaining the mechanisms un-
derlying human consciousness. Initially proposed by Dehaene, Changeux, and
Naccache [DCN2006], [DKC1998], the GNW model suggests that consciousness
emerges from the integration and dissemination of information in a global net-
work of neurons, which acts as a "workspace” to process and share informa-
tion between different brain regions. This model offers a robust framework for
understanding how the brain selects, amplifies, and maintains relevant infor-
mation, enabling conscious experience.

In this first work, we explore an innovative approach to integrate Hopfield
networks into the GNW model, a type of recurrent neural network known for
its ability to store and retrieve patterns stably. Hopfield networks, with their
attractor-based dynamics, offer an interesting perspective for modeling the sta-
bility and resilience of the global workspace proposed by GNW. By combin-
ing these two concepts, we seek to investigate how attractor dynamics can
contribute to the integration and maintenance of information in the global
workspace, providing a deeper understanding of the neural mechanisms of
consciousness.

The proposal of this work is, therefore, to present a hybrid model that inte-
grates GNW with Hopfield networks, exploring how attractor dynamics can be
applied to simulate conscious cognitive processes. Through simulations and
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theoretical analysis, we hope to contribute to the advancement of the under-
standing of consciousness, offering a new perspective on how the brain can
implement the global workspace and how the dynamic stability of neural net-
works can play a crucial role in this process.

It is worth mentioning that the GNW model had a precursor — the Global
Workspace Theory (GWT) [Baars1997], proposed by Bernard Baars in the 1980s,
which is a cognitive model of consciousness that seeks to explain how the brain
integrates, selects, and disseminates information between different modules
or specialized systems, such as vision, hearing, memory, language, etc. It is
worthwhile to briefly describe what it consists of.

The GWT presents consciousness as a "mental theater”, where various sour-
ces of unconscious processing compete to "access the center stage”, making
certain information globally accessible to the cognitive system. The GWT ar-
gues that consciousness arises from the distribution and coordination of in-
formation across a global space accessible to multiple brain systems.

The key concept is this: when information is amplified and disseminated
throughout the brain network (through a neuronal ”ignition”), it triggers the
synchronization of various processes (attention, memory, planning) in a com-
mon workspace. Thus, consciousness is the result of a global selection and
diffusion of activity that makes information accessible to multiple cognitive
functions. A kind of virtual "central framework” in which information, after
being amplified by attention, becomes widely available to all brain modules -
memory, language, planning, etc.

Most brain processing is unconscious. Consciousness emerges when cer-
tain contents become predominant and "earn the right” to be widely dissem-
inated. The critical aspect of consciousness is its global availability, not so
much the content itself, but the fact that it can be accessed, used, and manip-
ulated by multiple specialized systems.

Metaphor of Bernard Baars’ Theater of Consciousness

Baars uses the analogy of a theater to explain how consciousness works. Just
like in a theater, the mind has:
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Figure 1: Metaphor of Bernard Baars’ Theater of Consciousness.

The Stage represents the workspace where the thoughts, images, and sen-
sations of which we are conscious at a given moment unfold. It is a limited
space, just like a theater stage, which can only accommodate a restricted num-
ber of actors and props; our consciousness can only retain a small number of
items simultaneously. Events on stage are dynamic and changeable: actors
enter and exit the scene, the lights change, the scenery transforms, reflecting
the fluid and transient nature of consciousness.

The Actors (Mental Contents) are the thoughts, sensations, images, memo-
ries, and other forms of information that compete for access to the stage (con-
sciousness). Only a few "actors” can be on stage at the same time, reflecting
the limited capacity of conscious attention. The quality and intensity of their
performance (level of neuronal excitation, salience, relevance) determine the
probability of being selected to occupy center stage.

The Spotlight of Attention (Selective Focus) represents the mechanism of
selective attention, which illuminates certain actors (mental contents) on the
stage, making them the focus of our consciousness. Attention is selectively di-
rected to certain aspects of the experience (the voice of a speaker, a captivating
image, a persistent thought), while others remain in the shadows.

Metaphorically, attention functions as a filter through which only some con-
tents pass.

The Audience (Unconscious Processors) represents the wide range of un-
conscious mental processes that operate in parallel, processing information,
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generating emotions, controlling the body, etc. The "audience” is not directly
aware of what is happening on stage, but receives the information that is broad-
cast from there.

The BacksTtaGce TEaM (Unconscious Context), are the unconscious processes
that shape the conscious experience (like setting up a stage). They are the
expectations, beliefs, memories, and other background information that influ-
ence how we perceive and interpret what is happening on stage (conscious-
ness). They act as "commands” that select the direction of the performance
stage.

Finally, the DiRecTOR (Executive Functions), which represents the executive
control systems located in the frontal cortex, which oversee and coordinate
activities on stage. The director makes decisions about which actors should
enter the scene, which props should be used, and how the story should be told,
reflecting the role of executive functions in regulating and organizing conscious
thought. The functions of the Metaphor of the Theatre of Baars are therefore:

* To EXPLAIN THE LIMITS OF CONSCIOUS CAPACITY: Just as a stage can only
accommodate a limited number of actors, our consciousness can only
handle a restricted amount of information at any given moment.

* TO ILLUSTRATE THE IMPORTANCE OF THE UNCONscIOUS: Most mental activity
occurs outside of our consciousness, such as the actors backstage and
the technical crew who make the show possible.

* GIVING MEANING TO THE FREE FLOW OF CONSCIOUSNESS: The actors enter and
exit the stage, the lights turn on and off, the scenery changes, reflecting
the dynamic and fluid nature of our thoughts and sensations.

® FACILITATING THE UNDERSTANDING OF THE FUNCTIONS OF CONSCIOUSNESS: The
metaphor of theater helps to understand how consciousness allows us to
integrate information, plan actions, solve problems, and interact with the
world in a flexible way.

Baars’ metaphor was, however, quite criticized. Some criticized it for imply-
ing the existence of an internal observer (a "homunculus”) who watches the
spectacle of consciousness. To this, Baars responded that the "audience” in
the theater is not a conscious homunculus, but rather the vast array of uncon-
scious processors in the brain, each acting according to its own competence.

Baars also argues that consciousness is not a physical place in the brain,
but rather a process of information dissemination.

In short: Baars’ Theater of Consciousness metaphor offers an intuitive and
powerful way to understand how consciousness emerges from the interaction
between conscious and unconscious mental processes. By highlighting the
importance of attention, integration, and dissemination of information, this
metaphor provides a rich framework for investigating the neural mechanisms
underlying conscious experience.
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The Global Neuronal Workspace (GNW)

Stanislas Dehaene and Jean-Pierre Changeux [DCN2006], [DKC1998], in de-
veloping the Global Neuronal Workspace (GNW) model, started from Bernard
Baars’s Theater of Consciousness metaphor and "neuronalized” it, adding bio-
logical specificity, experimental testability, and computational rigor. The main
alterations and improvements were as follows:

The replacement of the "mental theater” with a neuronal architecture.

Although Baars sees his metaphor as a cognitive architecture, with actors
and spotlights representing functional processes, he does not define where this
theater is located in the brain or how it is physically implemented.

The Dehaene & Changeux GNW model identifies a true "neuronal work” — a
distributed network, composed mainly of areas of the prefrontal, parietal, and
cingulate cortex, a part of the brain involved in processing emotions, memory,
and aggression control, connected by long-range axons.

These neurons of the "WoORKSPACE” receive signals from various sensory ar-
eas and can globally amplify and process the selected content.

For Baars, the spotlight is an abstract concept of selection and amplifica-
tion. Dehaene & Changeux propose specific neuronal mechanisms for this
amplification, replacing the "attention spotlight” with mechanisms of neuronal
ignition — when a stimulus reaches a certain threshold (due to strength, novelty,
attention), it abruptly activates a pattern of sustained activity on a large scale
(observed in EEG, MEG and fMRI P} Only content that triggers this sudden ig-
nition becomes conscious; other content remains subliminal or unconscious.
The "ignition” is a sudden wave of synchronized activity that spreads across
the workspace, sustained by neurons with long-range axons and specialized
synapses. Feedback (re-entry) between cortical areas and the thalamus rein-
forces these signals, keeping the information active in working memory.

For Baars, the "actors” were pieces of information and the audience the
receivers of that information. For Dehaene & Changeux, this distinction is re-
placed by a more complex integrated system of distributed interactions between
neurons that form complex circuits.

The metaphor has a director, but it doesn’'t explain well how this figure
manages everything. Dehaene & Changeux use the recurrent loop, mediated
by the thalamus, to explain how the networks of consciousness interact.

2Electroencephalography is an examination that records the electrical activity of the brain
through electrodes placed on the scalp. It is a non-invasive and painless examination, mainly
used to diagnose and monitor neurological conditions such as epilepsy, sleep disorders and
brain injuries. MEG is a functional neuroimaging technique to map brain activity by recording
magnetic fields produced by currents. electrical signals that occur naturally in the brain, using
very sensitive magnetometers. fMRI — functional Magnetic Resonance Imaging — Functional
magnetic resonance imaging is a non-invasive brain imaging technique that measures brain
activity by detecting changes in blood flow. It works by identifying the areas of the brain that
are most active during a specific task or at rest, based on the principle that active brain regions
require more oxygen and therefore have increased blood flow.
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The events in Baars’s theater are highly dependent on what a person or
observer sees. For Dehaene & Changeux, the model allows the identification
of events that could relate to experience in neurobiological terms, making the
existence of a subjective report unnecessary, and testing the theory.

Let’'s elaborate in more detail on the main concepts that characterize the
functioning of Dehaene & Changeux’s GNW.

* CONSCIOUSNESS AS GLOBAL AMPLIFICATION (BROADCAST). Consciousness emer-
ges when information processed locally (in sensory, perceptual zones, etc.)
is "amplified” and distributed throughout the brain network, becoming
available to multiple systems (attention, memory, planning).

* IanrioN. There is a critical moment ("ignition”) when certain patterns
of neuronal activity expand rapidly and globally, for example, via camma
SYNCHRONY [

* OBJECTIVE EXPERIENCES. Using techniques such as fMRI, EEG, magnetoen-
cephalography, and paradigms like the "visual mask”, Dehaene identi-
fies brain markers of consciousness, such as sustained activation of the
parietal-frontal cortex. He advocates an empiricist stanceconscious states
can (and should) be investigated by objective methods, without falling into
metaphysical speculation.

* MEANING AND Limits oF ConscilousNEss. Dehaene strongly distinguishes
between unconscious processing (extensive and efficient) and conscious
processing (limited, sequential, but flexible).

For Dehaene, consciousness is a neurocomputational phenomenon, emerging
from the selection and diffusion of information in complex neural networks,
capable of being tested experimentally in the laboratory.

The GNW model is compatible with processes of attention, working memory,
and conscious recognition. The sustained activation of regions of the fron-
toparietal cortex is a strong neuronal marker of these states of consciousness.
Each module functions in parallel, unconsciously. The "Global Workspace” is
a means of integration and circulation of information between modules.

3Gamma synchrony refers to brain activity in the frequency range, typically between 25 and
100 Hz, although more frequently observed around 40 Hz. This brain activity is associated with
high-activity mental states, such as learning, short-term memory, complex problem-solving,
and expanded consciousness.
When gamma synchrony increases, with many neurons firing simultaneously, the amplitude
(intensity) of the signal also tends to increase. In simpler terms, gamma synchrony is a pattern
of brain activity that occurs when many areas of the brain are working together in a coordinated
way, at high speed. This is linked to complex mental processes and heightened states of con-
sciousness. In summary: (i). Frequency: 25-100 Hz, focusing around 40 Hz. (ii). Associations:
Learning, memory, problem-solving, expanded consciousness. (iii). Synchrony: Increased co-
ordinated activity between different brain areas. (iv). Amplitude: Gamma synchrony tends to
increase the amplitude (intensity) of the brain signal, correlating with conscious experience.
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Becoming “conscious” means being amplified to this common space. Fur-
thermore, GNW explains many phenomena such as blocks of consciousness,
attention, multitasking, amnesia, etc. Dehaene and Changeux developed mod-
els in (simulated neural) networks that reproduce experimental phenomena:
conscious access, blocking, masking, "all-or-none” of neuronal access, etc. The
GNW predicts clear experimental signatures: sustained fronto-parietal activa-
tion, gamma synchrony, bursts, delay of conscious reports. It inspired many
paradigms of neuroscience and experimental psychology tested in the labora-
tory with patients, anesthesia studies, sleep, etc.

In conclusion, the original theory (GWT, Baars) paved the way for viewing
consciousness as a phenomenon of global integration and diffusion of con-
tent. On the other hand, GNW made this model scientific, computationally
simulable, and testable by identifying the real circuits, dynamics, and neuro-
physiological predictions of the "global workspace” in the human brain.

On Neuronal Correlates of Consciousness (NCC's)

Neuronal Correlates of Consciousness (NCC's) are the dynamic neuronal event
processes and minimal mechanisms necessary and sufficient for a specific con-
scious experience.

In the GNW model, developed here, modules are specialized units that store
patterns (sensory memories, concepts). They process information in a segre-
gated way, acting as "specialists” for different modalities/domains.

They compete for access to the workspace, providing the "raw material” of
differentiated information.

Consciousness is characterized by unity and integration. When we see a
red, round, ripe apple, we don’'t have three separate experiences ("red,” "round,”
"ripe”). We have a single integrated experience of "apple”. A single module,
being specialized, cannot handle this integration. Global theories (such as
GWT) suggest that consciousness emerges when information becomes globally
available to the system. Modules, by definition, are local. |IT seeks the complex
of integrated information that generates ®. An isolated module can generate its
own @, but that would be the ® of a part of the experiment, not of the unified
experience as a whole [JNT2025a].

An activated module, when processing a specific pattern (for example, the
visual module activated by the "red” pattern), could be the neuronal correlate
of the "red” content. This content may or may not become conscious depending
on how it is integrated by the workspace. Many processes that occur in the
modules can be considered "pre-conscious”. They are necessary for perception,
but perception only becomes conscious when the information is integrated and
"diffused” into the workspace. Modules are essential for the differentiation
of experience. Without them, the workspace would have less information to
integrate.
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The NCC for a unified and global conscious experience would most likely be
the dynamic and integrated state of the workspace, in conjunction with the
relevant modules that actively feed it. It would be the "complex” formed by the
workspace in its “ignition” state, acting as an integration center and making
information globally available and accessible to the system. This "complex”
(Workspace + active modules) would be the physical substrate that generates
the maximum & for that specific experiment.

The phase transition to a globally ordered state (involving the workspace
and possibly the coordination of several modules) would be the dynamic event
that constitutes the NCC.

The modules of the GNW model are indispensable for consciousness. They
are the essential components that provide differentiated information (the "con-
tent correlates” or "preconscious”). However, the NCC for unified conscious
experience, as we understand it in GWT or IIT, would be better described as
the integrated system that emerges from the dynamic interaction between the
workspace and the active modules, especially during an ”ignition” event, which
corresponds to a phase transition to a globally ordered and high-® state.

From GWT to GNW. Formal aspects

Evalualive
sysiems

Attenticnal
syslems

i (FOCUSING)

Long-term
mMEmory

sysiems
(FUTURE)

Perceptual
systems
(PRESENT)

Caption. Fig. The NEURAL WORKSPACE GLOBAL (GNW). HypoTHESsIs (A-C)
Original schemes from Dehaene et al. [DCN2006], illustrating the main princi-
ples of the GNW hypothesis: local and specialized cortical processors are con-
nected, at the central level, by a central set of highly interconnected areas: (A).
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containing a high density of large pyramidal neurons with long-distance axons,
(B). At any given moment, this architecture can select information within one or
more processors, amplify it, and transmit it to all other processors, thus mak-
ing it consciously accessible and available for verbal reporting. Recent studies
of global cortical connectivity trackers of feedforward and feedback confirm a
bow tie architecture with a central core composed primarily of parietal and pre-
frontal areas, forming a structural bottleneck capable of routing information
between other cortical processors (C) (Markov et al., 2013).

O

GNW’s central hypothesis is that consciousness arises when local informa-
tion (processed by specific sensory areas) is "amplified” and rapidly diffuses into
an extensive fronto-parietal network of long-range neurons — the "global neuronal
workspace”. Consciousness is different from unconscious processing — much
information is processed unconsciously at local levels. Only when you access
the global workspace do you become conscious and available for thought, plan-
ning, or reporting.

The Global Neuronal Workspace (GNW) is a computational model of how
consciousness can arise in the brain. Instead of thinking of the brain as a col-
lection of separate zones, this model imagines it as a network of interconnected
neurons, where many areas process information locally and unconsciously.
However, only some information manages to be "diffused” to the entire net-
work, becoming conscious. The GNW can be simulated on a computer, using
neural networks of various architectures.

The model attempts to correspond to real brain components that make con-
scious experience possible ("neuronal correlates of consciousness” (NCC's)).

The higher functions of the brain (such as consciousness, decision-making,
attention control, etc.) are not performed by a single area, but by the combined
work of many parts, as in a swarm of bees or a school of fish ("swarm behavior”)
where collective emergent phenomena are observed. This expression ("swarm
behavior”) refers to the fact that in GNW, neurons work locally, but some ac-
tivation patterns manage to "infect” and involve the entire network (spreading
like a "spark”), leading to emergent phenomena: conscious decisions or central
control.

In conclusion: GNW presents a robust and testable framework to explain
the emergence of consciousness from global brain dynamics. Evidence shows
that consciousness depends on a sudden integration (ignition) into a specific
network, allowing diffusion and manipulation of contents throughout the system
— and that the loss of this network corresponds to the loss of consciousness
itself.

GNW is a model that uses neural networks (real or simulated on a computer)
to explain how consciousness works. It shows that the brain, like a group of
ants or a swarm, only becomes conscious of information that can be shared and
amplified by a vast network, thus creating a mathematical basis for phenomena
such as consciousness, decision-making, and central mental control.
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Previous computational studies of the GNW model have focused mainly on
simulating its dynamic behavior and examining the conditions under which
global ignition occurs. In [JNT2025], we explore the GNW model using clas-
sic Hopfield networks, demonstrating how the deterministic dynamics of these
networks can simulate competition and information selection in the workspace.

However, classic Hopfield networks have significant limitations. Its deter-
ministic dynamics can lead to convergence towards spurious local minima,
hindering the robust representation and processing of information. To over-
come these limitations, the present study introduces stochasticity into the dy-
namics of Hopfield networks, modeling the local modules and the workspace
as stochastic Hopfield networks.

Stochasticity allows the network to escape local minima, improves the ex-
ploration of the state space, and models, more realistically, the inherently noisy
nature of neuronal processing. Stochasticity therefore facilitates the discovery
of ideal solution configurations [Hertz1991] [Cool2005].

This work also provides an initial basis for understanding GNW through the
formalism of statistical mechanics, establishing parallels between GNW and
complex systems in statistical mechanics, providing an innovative perspective
on emergent properties of the model. This analogy suggests that the dynamics
of GNW can be understood in terms of phase transitions and the emergence of
order from disorder.

A fundamental aspect that remains relatively unexplored within the GNW
framework is the quantification of integrated information, particularly in the
context of conscious experience. Integrated Information Theory (IIT) offers a
promising approach to this challenge, proposing that consciousness is funda-
mentally related to the amount of integrated information a system possesses.
However, applying |IT directly to complex systems like GNW is computationally
prohibitive due to the complexity of calculating o F'?ua, thecentralmeasureo fintegratedin formation.

The main objectives of this research, which, as mentioned, consists of two
articles, are:

1. Formalize the GNW model using coupled stochastic Hopfield networks,
allowing an analysis of the dynamics and phase transitions with tools
from statistical mechanics.

2. Investigate the role of stochasticity, network capacity, and coupling be-
tween modules and workspace in the dynamics of neuronal ignition.

3. Develop and implement mathematical and computational methods to ap-
proximate ® in the GNW model, incorporating stochasticity in the Hopfield
networks of the GNW model developed in [JNT2025].

4. Investigate the relationship between system parameters (e.g., coupling
strength, temperature, stochastic noise level) and the emergence of in-
tegrated information.

Pagina 11



J N Tavares GNW /Hopfield estocastico

5.

Analyze how the temporal dynamics of integrated information relates to
the phenomenon of global neuronal ignition in GNW, providing informa-
tion on the mechanisms underlying consciousness.

The main innovations of this work (in two parts, remember!) include:

1.

3.

An innovative architecture, based on stochastic Hopfield networks, for
modeling the GNW model.

. Modification of the stochastic dynamics of the network by introducing

modified energies through the introduction of external fields, which allow
a dynamic “guided” by stored patterns.

Analysis of Phase Transitions and the Emergence of Consciousness.

In Part 2 [JNT2025a], we will discuss:

1.

An innovative adaptation of the IIT structure to the GNW model, using
concepts from statistical mechanics, taking into account the stochastic
nature of neural networks.

. A new approach to Integrated Information Theory (lIT) through notions of

Information Theory.

. The implementation of heuristic algorithms to approximate the Minimum

Information Partition (MIP), a crucial step in estimating ®, optimized for
the GNW architecture.

. Adaptation and application of IIT to quantify the integration of information

in GNW, relating ® to the order parameters of the system.

. The evaluation of the effects of stochasticity, both at the level of individual

neurons and of the system as a whole, on the capacity for information
integration and on the dynamics of neuronal ignition.

Information on conditions that facilitate high levels of integrated infor-
mation and its connection to the dynamics of global neuronal ignition,
revealing potential mechanisms underlying consciousness.

Here is a short summary of the sections that make up this work. The |2|sec-
tion revisits stochastic Hopfield networks, an associative memory model with
non-deterministic dynamics. It discusses the limitations of traditional Hopfield
networks and the advantages of stochastic networks, which allow escaping lo-
cal minima and modeling the noise inherent in neuronal processing. Section
formalizes the dynamics, integrated information, and phase transitions in
the GNW model, using stochastic Hopfield networks to model the local mod-
ules and the work. It explains the interaction between the modules through
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coupling energy. ?? section introduces the external fields that modify the en-
ergies and allow defining a stochastic dynamic "guided” by the stored patterns.
In the section 5], consciousness is postulated as the emergence of a globally or-
dered state, actively orchestrated by the dynamics of the GNW, resulting from
a phase transition. Finally, in Appendix ??, the most important mathematical
preliminaries for understanding this study are presented.

2 Stochastic Hopfield Networks: Statistical Me-
chanics and Phase Transitions

Introduction

Hopfield network while useful for modeling associative memories, have some
limitations:

¢ DETERMINISTIC CONVERGENCE: the network dynamics are completely deter-
ministic, which means that, given an initial state, the network will always
converge to the same attractor. This limits the network’s ability to explore
different solutions or adapt to noisy or ambiguous inputs.

* Noisk SENsITIVITY: Traditional Hopfield networks can be sensitive to noise
and initial states outside the basin of attraction of memorized patterns.

* Lack oF BiorLoagicaL ReaLism: The deterministic dynamics of traditional
Hopfield networks do not reflect the complexity and stochasticity observed
in real neural systems.

On the other hand, stochastic Hopfield networks offer several advantages
over classical networks:

* EXPLORING THE STATE SPACE: Stochasticity allows the network to escape
local minima of the energy function and explore different solutions, im-
proving the ability to find global patterns and handle complex problems.

* RoBUSTNESs TO NoIsk: Stochasticity makes the network more robust to
noise and variations in inputs, simulating the brain’s ability to process
information in noisy and uncertain environments.

* BioLoacicaL ReEaLism: Stochastic dynamics better reflect real neuronal ac-
tivity, where noise and variability are intrinsic characteristics.

4John Hopfield (1933 - ) is a physicist, biologist and neurologist born in Chicago, in the
United States of America. He was awarded the Nobel Prize in Physics in 2024, jointly with
Geoffrey Hinton, for "fundamental discoveries and inventions that enable machine learning
with artificial neural networks”.
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This section presents a short review of stochastic Hopfield networks, an
associative memory model with non-deterministic dynamics. We discuss their
statistical mechanics, their relationship to classical Hopfield networks, and the
phase transitions they exhibit. Mathematical formalism is used to describe
their dynamics and behavior.

These concepts are essential for building the new GNW model, starting from
the Tavares model.

Hopfield networks are associative memory models proposed by John Hop-
field in 1982, which are capable of storing and retrieving information patterns
through a decentralized dynamic. Classical Hopfield networks are determinis-
tic, evolving to one of their point attractors, which represent the stored memory
patterns.

Stochastic Hopfield networks are an extension of classical Hopfield net-
works, where the updating dynamics of neurons (generally asynchronous) are
governed by probabilities, introducing an element of randomness. This stochas-
ticity can be useful for escaping local minima and exploring the state space
more efficiently.
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Figure 2: Hopfield network with N = 4 neurons and respective state
space with 2¢ = 16 states. The network has 5 memorized patterns and
the weights J;; are calculated by Hebb'’s rule.

For example, the figure 3] represents a pattern, and another corrupted one,
of a "pixelation” of the digit 0, using 160 binary neurons. The state space is, in
this case, gigantic, with 2! states, a colossal number!
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Figure 3: Binary image (N = 160) of the digit O and a distorted version
of the same image. There are N = 160 neurons z;,i = 1,--- ,N, and &
represents z; = +1 while [J represents z; = —1.

The Stochastic Hopfield Network Model

A stochastic Hopfield network, H, consists of N neurons i = 1,--- , N, each of
which is associated with a binary random variable, X;, whose possible values
are z; € {—1,1} — the possible states of neuron i. If z; = +1 the neuron is said

to be active, and if z; = —1, it is said to be inactive. The network state will
therefore be an N-dimensional vector x € {—1,1}" and, therefore, the network
state space, S, consists of 2V elements x' = (2], 2 --- 2l) € {-1,1}", I =
1,2,--- 2N,

The network energy, in the state x € S, is given by:

N
E(X) = —% Z Jijxixj, (1)

,j=1

where J;; represents the strength of the interaction between neurons i and j.

Typically, in a Hopfield network, there are specific states called stored pat-
terns or memories. In this case, the connections are defined by Hebb’s rule:

1 p
Jz‘j:NZf%}l

p=1

where &' € {—1,1} is the state of neuron i, in the memory pattern u. The
connections J;; are typically symmetric (J;; = J;;), with a zero diagonal (J;; = 0).

In Fig. [2] the Hopfield network H has N = 4 neurons, and the corresponding
state space S has 2' = 16 states. This network has 5 memorized patterns
£, n=1,---,5and the weights J;; are calculated by Hebb’s rule.
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In the state space S of a Hopfield network #, we define the Boltzmann prob-

ability measure by:

X) = (3)
)= 2
where Z(5) is the so-called partition function, defined by:
Z(B) =) e P (4)
x€eS

P(x) is therefore the probability of finding the network in a given state x €
S. [ = 1/T is the inverse of (pseudo) temperature 7. Note that, for a fixed
temperature, 7', the higher the energy F(x), the less likely the corresponding
configuration x is.

The local field h;, n of neuron i, is defined as the influence of other neurons
on it:

h; = Z Jz‘jiﬁj (5)
J#i

Figure 4: Hopfield network with N = 8 neurons. hg = Local field of neuron
6.

Network Status Update.

We usually opt for what is called AsYNCHRONOUS UPDATE, in which neurons are
updated one at a time, in order to sequentially or randomly update. There-
fore, at each time step ¢, we select a neuron 7 for updating, either sequentially,
according to a fixed order (e.g., 1,2,3,---, N), or randomly, choosing a neuron
randomly in a uniform manner.

This method is biologically more plausible and generally leads to a more sta-
ble dynamic. The fundamental difference between Hopfield networks, classical
(deterministic) and stochastic, lies in the UPDATE RULE of the neurons.
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In the deterministic case, the update of the state z;, of a neuron i, is given
by:
z;(t + At) = Signal(h;(t)) (6)
where, for each fixed neuron i, h; is its LocaL FIELD, defined by (5).

In the stochastic case, the update is done using the Metropolis criterion.
The Metropolis method is a Monte Carlo algorithm that allows simulating the
evolution of a system (such as GNW) so that, over time, it reaches a state of
thermodynamic equilibrium. In simpler terms, the method makes the system
"explore” different configurations, so that the configurations with the lowest
energy are more likely to occur, as dictated by the Boltzmann distribution.

To do this, we calculate the energy variation AF;, which would occur if the
state of neuron i were reversed: z; — —z;:

Since the energy of the Hopfield network is given by E(x) = —1/23", ; Jijzz;,
substituting, we obtain:

i3 1,7
i,9 12
= QZ’Z Z Jijxj

JFi
= 2x;h (7)
We now apply the Metropolis criterion. We have two situations:

1. If AE; < 0, then the inversion of the neuron’s state i decreased the system’s
energy. In this case, the transition is always accepted:

2. If AE; > 0, the inversion of the neuron’s state increases the system’s en-
ergy. In this case, the transition is accepted with a probability given by
exp(—FAE;):

P(z; — —x;) = exp(—26x;h;), se AE; =2x;h; >0

where 7' = 1/0 is the (pseudo) temperature (or noise) of the system.

This is the key part of the Metropolis criterion — it represents the probability
of accepting a transition to a higher energy state. This probability decreases
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with increasing A F; and decreases with increasing f (i.e., with decreasing tem-
perature). Since we chose an asynchronous update, it is important to ensure
that, on average, all neurons are updated.

This criterion ensures that the network tends towards low-energy states,
and that it can also escape local minima, due to temperature-controlled stochas-
ticity.

Additional Notes.

1. The network dynamics can be viewed as a Markov chain, where the net-
work state at time ¢ + At depends only on the state at time ¢. After a
sufficiently long time, the probability distribution over the network states
approaches a stationary distribution, where the probabilities of the states
do not change over time.

2. The Metropolis criterion can be seen as a way to ensure that the Boltz-
mann distribution is sampled correctly.

3. The trajectory can be viewed as a sequence of "jumps” between the discrete
points of the S state space.

Relationship between Attractors and Memory Patterns

The relationship between stored Memory Patterns, £, the energy function,
and the dynamics of convergence in a Hopfield network (classical or stochastic)
is a crucial point.

In an idealized scenario, each memory pattern corresponds to a stable at-
tractor of the network. That is, if the initial state of the network is close to a
memory pattern, the network dynamics will converge to that pattern.

But in practice, things are much more complicated. In reality, the rela-
tionship between attractors and memory patterns can be very complex due to
several factors:

The Hopfield network may have a limited storage capacity. If you try to store
many patterns, not all patterns will become stable attractors. The network may
have attractors that do not correspond to any of the stored memory patterns.
These spurious attractors can be linear combinations or inversions of memory
patterns.

Some memory patterns can be unstable, especially if the memory capacity,
C = p/N, is high.

If the memory patterns are correlated, this can affect the stability of the
attractors and lead to the creation of spurious attractors.

In a classic Hopfield network, the memory patterns ¢ are, by construction,
local minima of the energy function. Hebb’s rule (??) is designed to ensure that
stored patterns correspond to low-energy configurations.
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Evolugdo Temporal dos Neurdnios (Com NUmeros dos Estados e Atratores Destacados)
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Figure 5: Network Status Update with 8 neurons and two stored patterns.
The vertical axis represents the time steps. The horizontal axis represents
the neurons (from O to 7). Each cell in the image represents the state of
a neuron at a given time step. Inactive neurons (-1) are indicated in blue,
while active neurons (+1) are indicated in red. This graph allows you
to quickly visualize the evolution of the states of all neurons over time,
providing an overview of network dynamics.

If the initial state is sufficiently close to a stored pattern, the deterministic
dynamics will converge to that pattern, making it an attractor. In a classic
network, if we start the asynchronous network update in any state, it does not
necessarily converge to a memory pattern. It may converge to a spurious local
minimum, which does not correspond to any stored pattern.

In a stochastic Hopfield network, memory patterns remain low-energy points,
but the presence of noise (controlled by temperature 7)) changes the situation.

Memory patterns are local minima of the energy function, but the network
may not remain in them indefinitely due to thermal fluctuations.

In a stochastic network, convergence to a memory pattern is still less guar-
anteed than in the classical network. Noise allows the network to escape local
minima, but also prevents it from stabilizing at a single attractor. The network
may fluctuate around an attractor for a while, but eventually it may escape and
move to another attractor or to a disordered state. The probability of escaping
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Historico dos Estados:

Passo @: [-1 -1 -1 -1 1 -1 1] (Estado 5)

Passo 1: [-1 —1 -1 -1 -1 1 -1 1] (Estado 5)

Passo 2: [-1 -1 -1 -1 -1 1 -1 -1] (Estado 4)

Passo 3: [-1 -1 -1 1 -1 1 -1 -1] (Estado 28)
Passo 4: [-1 -1 -1 1 -1 1 1 -1] (Estado 22)
Passo 5: [-1 -1 -1 1 -1 1 1 -1] (Estado 22)
Passo 6: [-1 -1 -1 1 -1 1 1 -1] (Estado 22)
Passo 7: [-1 -1 -1 1 -1 1 1 -1] (Estado 22)
Passo 8: [-1 -1 1 1 -1 1 1 -1] (Estado 54)
Passo 9: [-1 -1 1 1 1 1 1 -1] (Estado 62)
Passo 10: [-1 -1 1 1 -1 1 1 -1] (Estado 54)
Passo 11: [-1 -1 1 1 -1 1 -1 -1] (Estado 52)
Passo 12: [-1 -1 1 1 1 1 -1 -1] (Estado 60)

Figure 6: First 12 steps of updating the Network Status.

patterns (increased with temperature) makes the transition much easier.

The precision with which stored patterns can be represented in a stochastic
network depends on the network’s capacity C = p/N, and also depends on the
temperature 7.

In summary:

Memory patterns are local energy minima.
Convergence to a pattern is not guaranteed due to stochasticity.

Temperature controls how likely the network is to escape local minima
and explore different regions of the state space.

Attractors are stable states of the network, to which the dynamics con-
verge over time. Ideally, each stored memory pattern corresponds to an
attractor. Analyzing the stability of the attractors and the influence of
temperature is crucial to understanding the network’s behavior.

At low temperature (I" =~ 0), dynamics become more deterministic. The
network converges rapidly to one of the local minima of the energy func-
tion, which ideally corresponds to a memory pattern.

At high temperature (I" >> 0), the dynamics become completely random.
The network does not converge to any specific attractor and explores the
state space randomly. Ergodicity is guaranteed when the temperature
is high. The lower the temperature, the more regions there are and the
weaker the connection between these different regions.

At intermediate temperature (1" = T7,), the network manages to balance
the exploration of the state space with convergence to the attractors. The
dynamics are more complex and the network can fluctuate around an
attractor for a while before jumping to another.

Pagina 20



J N Tavares GNW /Hopfield estocastico

The energy function F plays a fundamental role in determining the attrac-
tors. The attractors correspond to the local minima of this function. The
mean-field equations provide an approximation of the equilibrium state of the
network, but do not necessarily describe all attractors. The solutions of the
mean-field equations correspond to the fixed points of the network dynamics,
which may or may not be stable attractors. To identify the attractors, it is nec-
essary to analyze the stability of the solutions of the mean-field equations (We
do not discuss them in this work).

A solution is stable if the network converges to it from nearby initial states.
The solutions of the mean-field equations (the stable states) can be character-
ized by their overlap with the stored memory patterns. A high overlap with a
pattern indicates that the stable state corresponds to that pattern.

3 Global Workspace Model Dynamics with Stochas-
tic Hopfield Networks

The Global Workspace Neuronal Model (GNW) is an influential theoretical frame-
work in cognitive neuroscience, proposing that consciousness emerges when
information from various specialized modules is integrated and amplified in a
global workspace.

In this section we will formalize the dynamics of this model, using stochastic
Hopfield networks to model the local modules and the workspace.

Figure 7: GNWModel. Connections of the neurons of each module to the
neurons of the Workspace, their respective weights and feedback from the
neurons of the Workspace to the neurons of the modules. Inter-module
competition is not represented.
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GNW as a Coupled System of Stochastic Hopfield Networks.

As in [JNT2025], the GNW model is represented as a coupled system of Hopfield
Networks, but this time, each main component (local modules and workspace)
is modeled as a Hopfield Network with stochastic dynamics. The notations are
those used in the cited work. The system components are (Fig. [7):

* LocaL MobuLEs. There are M local modules m=1,2,--- , M. Each module
m is modeled as a Hopfield network with V,, neurons. The state of neuron
i in module m is 2™ € {—1,1}. The energy of module m, in the state

i

xM € {—1,1}", is given by:
1
(my) _ _ = (m)_.(m)_.(m)
Em(x )— 5 g Jip g T
Z?]

where JZ-(;") are the interactions between neurons ¢ and j in module m.

e Each module has p,, stored patterns £&™* , = ... p_. Synaptic connec-
tions are given by Hebb’s rule:

m 1 m, m,
JZ(] ) _ N_m Z&( #)gj( ©)
I

* WorkspaCcE. The workspace is modeled as another Hopfield network with
Ny neurons, where the state of neuron u in the workspace is y, € {—1,1}.
The energy of the workspace, in the state y € {—1,1}"w, is given by:

1
EW(Y) = _5 Z Juvyuyv

uz#v
where J,, are the interactions in WorkspACE. The workspace has py stored
patterns ((¥), k = --.  p,y. Synaptic connections are given by Hebb’s rule:

1
T =3¢
NW - Cu CV

* ConNEcTIVITY. The connectivity matrix C = (C,,) has dimension Ny x
M, where C,, represents the influence of the module m, as a whole (via
average activity or lateral competition of the module m) on the neuron u of
the workspace.

* The average activity of module m, A,,, is defined by:
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and the competition of module m, as:

1

Compy, = A — 27— ) A (8)
n#m

where the sum is over all other modules n # m. Comp,, represents the

difference between the activity of module m and the average activity of the

other modules. If Comp,, is positive, the module m is more active than the

average activity of the other modules. If it is negative, you are less active.

An(t) measures the total magnetization of module m. If the memorized
patternis &€ = (1,1,1,—1,—1,—1), the magnetization is 0. But if the current
stateis (1,1,1,-1,—1,—1), A, = 0. If the current stateis (1,—1,1,—-1,1,—1),
A = 0. Both have zero magnetization, but the first is a pure pattern and
the second is not. Therefore, A,,(¢) and Comp,,(¢) alone do not distinguish
whether a module is in a clear, memorized pattern or just in a high/low
magnetization state.

In the following section, we will see how to correct this deficiency in the
model, opting for pattern-driven dynamics. We will see what this means: the
role of competition in network dynamics, as well as that of feedforward connec-
tivity Cum and feedback F™.

This model will be completed in the ?? section. But for now, let’'s analyze
the role of stored patterns in the GNW dynamics.

4 Role of Patterns and Connectivity in GNW with
Lateral Competition

This section aims to integrate memorized patterns and connectivity into the
GNW model through a new competition function F,,(¢) that modulates the input
to the workspace.

To correct the anomaly described in the previous section, we must ensure
that competition between modules is explicitly guided by the overlaps of the
modules with their own memorized patterns, and therefore directly reflects their
coherence with the learned patterns, which is_fundamental for a truly pattern-
driven dynamic.

Therefore, for the GNW dynamic to be effectively "pattern-driven”, the selec-
tion and prioritization of modules (competition) must be based on their ability
to activate and sustain memorized patterns.

To achieve this, we start by defining the modular overlaps. For each ¢t =

1,---, T, and for each Module m, we calculate the modular overlaps:
1 &
) () — (m () gmm) _ 1 (m) (43 ¢ (mop2)
OVl (1) = Overlap (x™ (1), 6™ = 5= 3~ a{™ (1) ©)

=1
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for each pattern £™*, This is the "thermometer” that measures how close the
current state of the module, x(™(¢), is to one of its memorized patterns. This
ensures that the competition is not based solely on raw activity (A, (¢)), but on
the consistency of the activity with a learned pattern.

We now calculate the maximum overlap of the current state of the module
m with its patterns:

om(t) = max Overlap (X(m) (1), 5(""“)) (10)
m

We now define lateral competition based on maximum overlaps: for each
Module m:

Comp, (1) = om() — 17— 3 on(1) (11)
n#m

This means that the competition now rewards the modules that are more "clear”

(with high overlap with their patterns), and not just the most active ones. The
competition function with overlaps as inputs is:

eﬂSCompm(t) 12
m t) =
Fmlt) Zi‘i | €BsCompy(t) (12)

Analogously, we define the overlaps of the current state of the workspace
with their memorized patterns:

ng;) = Overlap (y(t),

¢ = ﬁ M y(t)g(,“)(13)and also the maximum overlap:

ow(t) = max Ov%? (14)

K

The Dominant Pattern will be

¢ where k! =arg max ovl) (15)

Comp,,(t), defined by (inter-module lateral competition) is the basis for the
selective attention mechanism between the modules of the GNW. This measure
Comp,,(t) now represents the "relative strength” of the module m, compared to
the other modules. A positive and high Comp,,(¢) indicates that the module m
is more active than the others, winning the competition.

Our goal is to integrate the role of memorized patterns and the feedforward
connectivities, (Cym), which connect the module m, as a whole, to the neuron u
of the workspace and the Feedback (Fi(um)), which connects the neuron u of the
workspace to the neuron i of the module m.

In the context of the GNW model, where multiple specialized modules provide
"raw material” of information, the way the workspace selects and prioritizes
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this information is fundamental. For this model to reflect cognitive processes
more robustly, the memorized patterns within each subsystem (modules and
workspace) must play a more prominent and active role, acting as guides for
dynamics.

This leads us to formulate the following hypothesis:

The memorized patterns, within each subsystem (modules and
workspace), actively influence the flow of information, decision-
making (modular competition), and the formation of integrated
states (workspace ignition).

Espaco de estados
do Workspace

@padrdes
(memdrias)

Estado atual -~ . ®* e
do Workspace padrdo predominante

no instante t

........... e E ()

Espaco de estados

do Modulo 1 Espa?o de estados Espaco de estados
do Modulo m do Modulo M
Comp, (t) Comp,,(t) Comp,,(t)
Figure 8

The patterns stored in the modules, {ﬁ(m’“)}l’i";l, and the connections Ci,,,
should drive the competition so that the workspace receives the most relevant
information. The competition tells us which module has the strongest and most
consistent representation for the workspace input. This evaluates how "active”
and "consistent” the signal coming from each module m is.

To put these ideas into practice, let's now define a Competition Function
(the bridge), F,,, which implements a mechanism of selective attention or pri-
oritization of relevance between modules. F, quantifies how “important” or
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"coherent” the signal of a specific module m is at a given instant in time ¢, in
relation to the other modules. Let's now see how to define it.

Comp,,(t) (see ??) is the ideal measure of "relevance” to feed the function
Fm(t). The function F.,(t) serves to normalize and apply a "selective gain”
to these Comp,,(t) values, transforming them into weights that sum to 1 (us-
ing softmax), and which determine how strongly the m module influences the
workspace.

eBsCompy, (t)

ZM ) 655 Comp,(t)

n=

Fu(t) = (16)

where j; is the selectivity parameter. A high F(f) means that the m module
"won” the competition and will have a greater impact on the Workspace.

Pattern-Driven Dynamics

Let’s now look at the role of memorized patterns and connectivities in the dy-
namics of the GNW model.

The goal is to add “external” fields to the energy of each sub-
system, so that the dynamics are influenced by the memorized
patterns.

The external fields are the vehicles through which dynamic interaction and
active modulation occur in GNW. They translate the “intention” (active pat-
terns), the "attention” (modular competition), and the "coordination” (feedback)
of the forces that drive the Metropolis dynamics of each subsystem. The correct
formulation of these fields is essential for the plausibility and functionality of
the model.

Intuition about external fields and pattern-driven dynamics is fundamental.
We can think of external fields as "gravitational forces” that tilt the energy
landscape of the system. They are not inherent to the network, but come "from
outside” (from another subsystem, or from an internal control mechanism) —
their role is to "push” the current state of the neurons in a certain direction.
Memorized patterns function as “ideas” or "memories” of the network. Pattern-
driven dynamics means that these “ideas” are not passively stored, but are
actively used to drive what the network does.

Let’s now see how to formalize these intuitions. To do this, let’s start with
the dynamics in the workspace. First, we define the ovERLAP

Nw
OV} = Overlap (y(t), C(”)> (t) = NLW Zyu ()¢ (17)
u=1
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do which measures the alignment, at time ¢, of the current state of the workspace,
y(t), with the pattern ¢, If it is equal to +1, they are perfectly aligned; if it is
equal to —1, they are completely misaligned (antagonistic).

The dominant pattern in the workspace, ¢, at time ¢, is the one with the
greatest overlap with the current state of the workspace, y(¢):

¢ where &} =arg max ng,f}) (18)

Now let’s define the "External” Fields, and the Modified Energies.

External Field in the Workspace. The Workspace neuron u receives influ-
ences from two main sources:

1. MODULATED INPUT, COMING FROM THE MoODULES (FEEDFORWARD). This field
represents the aggregated ”bottom-up” information from all modules to the
Workspace neuron u, modulated by the competition function F,(¢):

S

hRed(t) =) CumFin(t) - om(t) (19)

m=1

* o, = max, Ov"(t) represents the activation of module m. This is the
aggregated and normalized ”signal” that module m sends.

* Cym is the connectivity of module m (as a whole) to neuron u in the
workspace. This scales the signal strength from module m to neuron
u.

* Fn(t) is the competition function. It modulates (weights) the con-
tribution of each module, implementing selective attention. More
relevant modules (high F,,(¢) will have a greater impact.

 The summation 3. | ensures that the Workspace neuron u receives
the weighted contribution of all modules.

This field implements “selective attention” bottom-up. This ensures that
the Workspace is receiving input that represents the "clarity of a pattern”
of the module, and not just its raw activity. The Workspace is now inte-
grating the “information” that the modules are processing, not just their
states.

2. ACTIVE ATTRACTION GUIDED BY WORKSPACE PATTERNS (INTERNAL GUIDANCE).
Represents the internal "push” of the workspace towards your most active
or relevant memorized pattern,

C(f@f) .
) =1 20
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* (i), the component u of the memorized pattern ¢*), which is the
pattern of the workspace with the largest overlap at the moment (or
the ignition target). This term defines the "direction of the push”.

* v is the force of attraction. A positive value of ~ tilts the energy land-
scape, making the energy valley corresponding to ¢*) deeper.

This field implements the “internal guidance” or "intent” of the workspace
to_form a specific integrated concept.

The modified total energy of the workspace, including both external fields,
is then:

Nw
Emod N ZJuvyu yv — Z (hwd< ) + thIde< )> yu(t) (21)
u;év u=1

External Field in Modules. Before defining it, let’s introduce the following
order parameter, which will play a relevant role shortly:

ow(t) = Overlap (y (), ¢*)) (¢) (22)

the overlap of the current workspace state with the predominant pattern.

The neuron 7 of the module m receives influences from the workspace via
feedback driven by workspace patterns. The external field:

. (t) =0 ow(t Z (23)

represents the "top-down” influence of the active Workspace on the modules.
J is the feedback strength, o,,(t) is the overlap of the workspace with the domi-
nant pattern, ¢*) (which indicates the strength and coherence of the top-down
signal), and y,(t) is the state of the neuron u of the Workspace.

The interpretation is as follows:

. ZNW F(m u(t) is the weighted sum of the states of all neurons in the

workspace, as the feedback connections FZu , from the workspace neu-

ron u to the module m neuron. This is the "raw” feedback signal.

* oy (t) is the overlap of the workspace with the dominant pattern. This
term acts as a modulator of the feedback strength. If the workspace is
in a clear state and consistent with one of its patterns (o (¢) high), the
feedback is stronger. If the workspace is cluttered (oy (¢) low), the feedback
is weaker.

* ¢ is the strength of the overall feedback.
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This field implements the "top-down” control, aligning the modules with the ac-
tive integrated concept in the workspace.

The Modified Energy of each module, including the outer feedback field, is:

N,
mo m 1 m m m = m
Eped (™ (1) = =5 D 7 e™ 07 0) = D b 0™ (1) (24)
i#j i=1
The connectivity of modules to the Workspace is now modeled using the
average activity of each module (magnetization), which is consistent with the
already adopted definitions of A,,(¢) and Comp,,(¢). This keeps complexity at an

appropriate level, focusing on the interaction between modules, as functional
units, and the workspace.

¢ Lateral competition, Comp,,(¢), is the engine of selective attention, which
manifests itself through F,,(¢).

* Fm(t) modulates the signal strength from the modules to the workspace,
ensuring that it receives filtered and prioritized input.

* Workspace patterns (via o, (t)) provide the mechanism of internal attrac-
tion and guide feedback to the modules, creating a fundamental top-down
control loop for integrated cognition and ignition.

This adaptation integrates all functions (lateral competition, competition func-
tion F,(t) and input modulation) into the model GNW. They work together to
model information selection and the emergence of coherent and integrated
states.

5 Phase Transitions and Consciousness in GNW

C = p/N is the density of patterns stored per neuron. For each module m, we
have C,, = p,,/ Nm. and for the workspace, Cy = p,y/Nw, which are fundamental
control parameters that determine the behavior regimes of the subsystems.

The storage capacity, C = p/N, is also a fundamental control parameter in
GNW, directly determining the quality of memory retrieval and directly influ-
encing the order and clarity of the subsystems.

As we have already seen, for a subsystem with N neurons and patterns ¢*,
the overlap with a pattern yp is Overlap <s(t),£(“)> = < Zi]\il si(t)f.(“). The order

)

parameter o(¢) is the maximum overlap:
o(t) = max Overlap (s(t), 5(“)> (25)
%
and its TIME AVERAGE (or ensemble average) is (0m)temp-
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(0)temp Mmeasures the average maximum similarity of the subsystem (module
or Workspace) with one of the patterns it has memorized. If (o) is high, it means
that the subsystem is "thinking clearly” about one of its "ideas” or memories.
(o) ~ 1 means that the system is almost always focused on a clear memory.
(o) =~ 0 is confused or in a diffuse state due to several blurred memories.

The mean squared magnetization per neuron, q, defined by

N

1
q= N Z <Si>t2emp (26]

=1

where (5;)emp is the time average of the neuron’s state i. It measures how "sta-
ble” or "polarized” the individual neurons in the subsystem are, over time. If
q is high, it means that the neurons are "frozen” in their positions, forming a
stable pattern (whether it’'s a pure pattern or something more complex). If q is
low, the neurons are fluctuating randomly, not maintaining a stable configu-
ration. q =~ 1: stable neurons, “frozen”. q ~ 0: unstable, random neurons. q
intermediate (between 0 and 1): some bias exists, but it is not complete.

The averages in (o) and q are temporal, over a sufficiently long period of time
until the system reaches equilibrium.

This section formulates the central hypothesis about the emergence of con-
sciousness in the GNW model, integrating the definitions of modular competi-
tion, feedforward connectivity and feedback, the active role of Workspace pat-
terns, and the order parameters o (o, o) and q (q,,,qy). The central hypothe-
sis is that consciousness, or states of integrated cognition, emerges in specific
phases of the GNW. It is as follows (focusing on the Workspace):

Consciousness arises as the emergence of a globally ordered state
of the workspace, actively orchestrated by the dynamics of the
GNW and resulting from a phase transition.

Workspace is the "stage” of consciousness in GNW. It is there that informa-
tion becomes globally accessible and integrated. The ”global order” for con-
sciousness should predominantly be the order of the Workspace. But, despite
the focus being the workspace — that’s where emergent consciousness arises —
which leads us to consider the workspace order parameters, (ow )temp and gy,
we must also consider the order parameters of the Modules, as they are essen-
tial and indispensable for the Workspace to achieve and sustain this ordered
state. In fact:

The WorkspPACE (Maestro) is the primary neuronal correlate for Conscious-
ness (NCC): (ow)temp >> 0, indicates that the workspace is clearly focused on
an integrated (predominant) pattern (C”? ). He is thinking of a clear concept.
qw >> 0 indicates that the neurons in the workspace are stable and "frozen”
in this pattern, ensuring the support and coherence of thought/perception.
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Therefore, for GNW to be conscious, the workspace needs to be in this state.
If the workspace is disordered or confused, the system is not conscious, re-
gardless of what the modules do.

Modules (Musicians). They are not the NCC of global consciousness, but
they are the NCC's of the contents of consciousness.

A module by itself is not conscious, but its information can become con-
scious. For the workspace to reach the phase where (o )temp >> 0 and qy;, >> 0,
it needs coherent and relevant inputs. These inputs come from the modules.
If a module is contributing to the ignition of the Workspace, it needs to be
in its own ordered phase — (om)temp >> 0 (for active modules). Or, it needs to
provide a “clear signal” (a tuned note) to the workspace. If the modules were
confused or disordered, the Workspace would not be able to integrate anything
clear. Furthermore, the neurons of active modules must be "frozen” in their
predominant pattern, ensuring the stability and quality of the signal sent to
the Workspace - q,, >> 0 (for active modules).

Consciousness is an integrated phenomenon. The order in the workspace
depends on the order of the modules. If these were chaotic or confused (low
(Om)temp»> 10W q,,), the workspace would receive only noise. It would be impossible
for the workspace to reach an ordered state. On the other hand, there could be
modular order — but without integration. That is, the modules can be in perfect
order, each with its own clear pattern, but if there is no effective competition
and modulation for the workspace, the information may not be integrated, and
the workspace would remain disordered.

Therefore, the order parameters of the Workspace (o >> 0 and q;, >> 0)
are the direct and primary conditions for consciousness to emerge in the GNW.
However, for the Workspace to achieve and maintain these conditions, it is
fundamental that the relevant modules (those that "win” the competition F,(¢),
and whose signals are prioritized by hfj?j) are also in their own ordered phase
(with o,, >> 0 and q,, >> 0). This describes a hierarchical and integrated state
of global order. Consciousness is the order of the Maestro (Workspace), but it
can only happen if the right Musicians (Modules) are playing their parts clearly,
and the Maestro is actively coordinating everything.

The Three Key Phases in GNW, induced by C, (oy)temp, and qy

The variation of Cyy = py/Nw (and § = 1/T, which is assumed fixed for this
analysis of C) induces phase transitions, which we can now characterize using
(ow)temp and qy;. The phases (ordered, confusion, disordered) are macroscopic
and equilibrium properties of the system. They do not refer to an isolated in-
stant, but rather to the typical and persistent behavior that the system exhibits
under certain conditions.

1. ORDERED PHASE (CLARITY/AWARENESS). The subsystem retrieves and sus-
tains memorized patterns clearly. There is coherence and focus.
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This occurs when Cy is low (Cy < Cj,, where Cfj, is the critical storage
capacity).

Characterization by Order Parameters:

® (ow)temp >> 0: high overlap with memorized patterns;

* gy >> 0: high mean-squared magnetization, indicating that the neu-
rons are "frozen” in the state that forms the maximal pattern.

Cognitive Relevance — clear, focused, and meaningful cognition. A workspace
in this phase is capable of supporting a high-level concept.

2. ConrusioN PHAsSE (OvERLOAD/INDEcIsION). The subsystem is overloaded
with patterns (C > (.. It cannot retrieve pure (or stored) patterns, but
it is also not chaotic. You get stuck in "spurious” attractors (attractors
that emerge in the network but were not explicitly memorized. They are
complex combinations or mixtures of various pure patterns), or in a state
where neurons have some bias, but are not globally consistent with a pure
pattern. This occurs when the capacity C is medium-high (C. < C < C;,
where C;, is the limit capacity.

Characterization by Order Parameters:

® (Om)temp =~ 0: low overlap with any pure pattern.

* gy is intermediate (0 < qy < 1): there is some polarization in the
neurons, but they do not follow a pure pattern, indicating a complex
structure without clarity.

Cognitive Relevance — state of cognitive overload, indecision, or frag-
mented processing. The workspace struggles to form a clear "igni-
tion,” potentially generating confused or inconsistent states.

* DisOoRDERED PHASE (CHAOs/UNconsciousNEss). The subsystem is
chaotic and random. There is no structure, coherence, or memory.
This occurs when C is very high. (C > C.) or the temperature is too
high.

Characterization by Order Parameters:

® (Om)temp ~ 0: low overlap with any pure pattern.

* g ~ 0: low mean square magnetization, indicating that neurons
fluctuate randomly between +1 and —1.

Relevance Cognitive — state of unconsciousness or absence of cognition.
The GNW does not generate or process meaningful information.
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Consciousness and the Phases of the GNW.

The central hypothesis is that consciousness (or states of integrated cognition)
corresponds to an ordered phase of the system, actively modulated by the in-
teractions of the GNW.

A emergency of consciousness in GNW is characterized by the op-
eration of the system in the ORDERED PHASE, where memorized
patterns are robustly retrieved and integrated. This phase is dis-
tinctly characterized by < o >>> 0 and q >> 0_for Workspace and
relevant modules, and is actively modulated by the dynamics of
GNW.

The Engine of Consciousness: Ignition in the Ordered Phase.

The WoRrkspPACE IGNITION, Ig(f) = 1, represents the dynamic transition to this
ordered phase. At this moment, the workspace (with (o) >> 0 and >> 0)
forms a clear and integrated concept.

This ignition is not passive. It is actively driven by the external fields defined
before:

 hped(t): Input of modulated modules via F,(t) (selective attention).

d h%{}fﬂe(t): Active attraction of the workspace patterns (internal guidance for
the concept).

At the same time, the active workspace (in the ordered phase) influences the
modules through the feedback-induced external field, hg?i(t), directing them
towards coherent states.

Research Methodology.

To test the hypothesis stated above ("The emergence of consciousness in GNW is
characterized by the system’s operation in the ORDERED PHASE”) we propose the
following computational simulations:

1. MonITorR ORDER PARAMETERS. During the simulations, calculate and record
(om), q,, for each module m, and (o), q; for the workspace.

2. VARY C AND OTHER CONTROL PARAMETERS. Run simulations for different
values of C,,, Cw, f = 1/T and .
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3. MarprING THE PHASEs IN DETAIL. Using graphs to identify the regions where
the system (workspace and relevant modules) enters the ordered phase
(high (o) and q,,), the confusion phase (low (o,,), intermediate q,,), and
the disordered phase (low (o), low q,,).

4. CoRRELATE WITH IGNITION AND ®: Verify if the workspace “ignition” and the
® peaks occur predominantly in the ordered phase regions, and if they
are maximized in the critical region (C = C,).

Storage capacity (C = p/N) is a fundamental control for the GNW phases. By
using (om)temp and q,, as order parameters, we can accurately characterize the
order, confusion, and disorder phases. The hypothesis that consciousness
emerges in the ordered phase, actively orchestrated by the GNW’s competi-
tion and feedback mechanisms, and optimized by operation in criticality, pro-
vides robust quantitative support for investigating the relationship between the
model’s statistical mechanics and high-level cognitive phenomena.

6 Plasticity in the GNW Base Model

In the context of the GNW base model, plasticity refers to the ability of the
model’s connections and parameters to adapt and change over time in response
to experience or learning. In biological terms, synaptic plasticity is the basis
of learning and memory.

The incorporation of plasticity is an important improvement that can make
the GNW model more adaptive, robust, and capable of modeling complex cog-
nitive processes.

Plasticity can be incorporated at several levels:

1. Synaptic PrasTticity IN HOPFIELD MoDULEs. Adjust the weight matrices
(J(m) of the Hopfield modules to memorize new patterns or strengthen
existing patterns.

Use Hebbian learning rules (e.g., Oja’s rule) to update the weights based
on neuronal activity.

2. PrasTticiTY IN MODULE-WORKSPACE CONNECTIONS. Adjust the connection
matrices — feedforward, C = (C,n), and feedback, F(™ = (F(™),,, to opti-
mize the flow of information between modules and the workspace. Allow
connections to strengthen or weaken based on the relevance of the infor-
mation.

3. PrasTticitY IN THE WORKSPACE. Adjust the weight matrix, ((JV), of the
workspace to learn new global patterns or refine existing patterns.
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Pseudocode for Stochastic GN\W with Incremental Hebbian Plas-
ticity and External Fields

This section presents a detailed pseudocode for simulating the stochastic GLoBAL
NeETwORK WORKSPACE (GNW) model, incorporating incremental Hebbian plastic-
ity. This formulation integrates the dynamics of lateral competition, the active
role of memorized patterns through modulated external fields, and the connec-
tivity matrices, C,, and F;(um). The inclusion of plasticity allows weight matrices
(and therefore, by extension, the memorized patterns) to dynamically adapt to
the system’s activity, making GNW more flexible and biologically plausible.

For GNW to simulate a more adaptive cognitive system, it is crucial that the
memorized patterns (represented by the weight matrices) can change over time.
Incremental Hebbian plasticity is a simple mechanism to introduce this "on-
line” learning capability. This pseudocode generalizes the previous definitions
to include this dynamic updating of the weight matrices.

The GNW context and notations are those used previously.

Pseudocode: Simulation of GNW Dynamics, with Incremental
Hebbian Plasticity and Incorporation of External Fields

Inputs:

® M, Nm,pm: Nw, pw: System sizes and capacities.

g =1/T: Inverse of the global temperature for the Metropolis method.

~: Active attraction force in the Workspace.

0: Feedback strength for Modules.
* 3,: Competition selectivity parameter.

* 5: Learning Rate (Hebbian Plasticity) (0 < n << 1).

Cum: Feedforward Connectivity Matrix.

F{™: Feedback Connectivity Matrix.

* Tgm: Total Simulation Steps.

Twsteps: Metropolis Steps by T, step (scans).

Initialization:

e For each Module m, initialize x(™ (0) randomly, with z\™(0) € {1, +1}.
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 Generate p,, initial patterns ¢™*. These patterns define the initial weights,
Ji(;’)(o), using Hebb’s Rule.

* Initialize y(0) randomly, with y,(0) € {—1,+1}.

* Generate p,, initial patterns ¢*). These patterns define the initial weights
in the workspace, JV, using Hebb’s Rule.

uv ?

Calculation of Metrics and Auxiliary Fields

* For each Module m:

Comp,(f) = om() — 17— 3 on(1)
n#m

¢ For each Module m:
eﬁscompm(t)

ZM L 653 Comp,,(t)

n=

Fin(t) =

» Workspace Overlaps with Patterns ¢*): For each pattern x € {1,...,p,} of
the Workspace:

¢ Identify

Calculation of External Fields for the Workspace, /.

* FEEDFORWARD MoODULATED INPUT: For each neuron u in the Workspace:
M
hRed(t) =~ Fin(t) - Cumom(t)
m=1

* AcTIVE GUIDANCE FOR THE DOMINANT WORKSPACE PATTERN: For each neuron
u in the Workspace:

BERC(t) =7 Gy
External Field Calculation for Modules.

¢ PaTTERN-DRIVEN FEEDBACK: For each Module m and each neuron : of mod-
ule m:

Nw
() = 8- O (1) Y Fiy(t)
u=1
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The Metropolis dynamics uses the external fields and the current matrix J to
calculate AE.

For Nuseps Scans, update the Workspace:

For each neuron u in the Workspac_e (chosen randomly), calculate AE, for yy,,, —
—yw. using JV(t) and h%‘ff,’(t) + h%{}"ﬂe(t).

Apply Metropolis Rule to update y,(t).

Updating the Modules: For each Module m and for each neuron i of Module m
(chosen randomly), calculate AE; for z\™ — —z{"™, using J™(t) and A?,(t).

7

Apply Metropolis Rule to update z\™(t).

Incremental Hebbian Plasticity - Updating the weights to the next step
t+1.

* For each Module m, and for each pair of neurons (i, ;) in Module m:

(m) (m)
(m) B (m) z; (L) (t)
S+ 1) = (1= I 4 2

1] Nm
and
It +1)=0
* For the Workspace. To each pair of (u,v) neurons in the Workspace:
ul(B)yu(
T 1) = (1= ) (1) - LA
Nw

and
JV(t+1)=0

Record Data
* Register x(™ (1), y(t), Fu(t), OW(t), etc. over time.

* Output: Historical data of states, overlaps,
and other parameters over time.

(m)

%

* Time series of the states of the Hopfield modules =
i € Mp.

(t) for each neuron

* Time series of the state of WORKSPACE y,(?).
* Time series of the average activation of WORKSPACE ay(t).
* Time series of the ignition of WoRKksPACE Ignition(t).

 Evolution of the weight matrices J™)(t), JW(t), W(t) and F™(t) over time.
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Clarifications and Impact of Plasticity

m, )

PATTERN DyNamics: With plasticity, the memorized patterns {£! JEn

ule m, and {¢"”}? , in the workspace, which were used for initialization of
weights J(™(0) and J"(0), are no longer the only attractors. The weight matri-
ces evolve, and the system’s attractors adapt to the most frequently visited or
reinforced states. This represents continuous learning.

The field hg“'de The term (j;, ,, for the active attraction (guide) field, now refers
to the pattern r; that was initially memorized. If the patterns themselves are
not updated, then this field pulls the system back to the original patterns. If the
intention is for the Workspace to be pulled towards new attractors that emerge
from plasticity, the term C{féu would need to be redefined to reflect emerging
patterns (which is more complex and may be a next step). For simplicity, I kept
the term as being pulled towards the initial memorized patterns.

VARIATION OF Nyreps: The number of Metropolis steps per Ty, step (scans)
is crucial to allow the system to approach equilibrium in each state.

The addition of the plasticity block is what allows GNW to become adaptable
and learn, making it a much more dynamic and biologically plausible model.

in mod-

7 Final Abstract

This two-part work, the present one and the one in preparation [JNT2025a],
explores the dynamics of neuronal ignition in the Global Workspace (GNW)
model, using a statistical mechanics approach with stochastic Hopfield net-
works. Building on previous work [Tav2025], a model is proposed where lo-
cal modules and the workspace are stochastic Hopfield networks, interacting
through connectivity and feedback. The study investigates how stochastic-
ity, network capacity, and information integration influence the ignition phase
transition. Integrated Information Theory (IIT) is used to quantify the overall
coherence of the system, analyzing the role of Transfer Entropy between mod-
ules and workspace, and in the calculation of ®. The results provide insights
into the mechanisms underlying consciousness and its emergence.

The “resolution” (even if approximate) of the Hard Problem of Conscious-
ness, through a computational model like the one proposed here (GNW + IIT),
is a subject of profound philosophical and scientific debate. Clearly, this model
does not solve it, but, however, it can offer significant advances for a deeper
understanding.

The "Hard Problem of Consciousness” (David Chalmers) does not consist in
explaining how the brain processes information, decides, or generates behav-
iors (the "Easy Problems”). The problem is to explain why, and how, subjective
experience (the qualia), the " feeling of being” something, emerges from physical
processes. It is the explanatory gap between the physical and the phenomeno-
logical.
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How could the GNW + IIT model then contribute to this discussion and what
are its limitations? Here are some “hints”:

Providing Quantifiable Neural Correlates. The GNW model, with its Hopfield
networks and workspace ignition, offers a mechanistic and simulable neuronal
substrate. IIT provides a quantifiable measure, ®, of the information integrated
into this substrate. If we find that "workspace ignition” (a dynamic event in
GNW) corresponds to a peak of ®, we will have a highly sophisticated and the-
oretically grounded neuronal correlate of consciousness (NCC).

In this way, we identify a complex physical process (high ® in a dynamic
GNW) that coincides with what we presume to be a conscious state. But the
Hard Problem asks why this complex physical process generates the subjective
experience, and not just what this process is!

lIT, as a (computational) theory of consciousness, makes predictions about
the properties of conscious systems (high ®). The GNW model can be a "test lab”
for these predictions. We can vary parameters (coupling forces, temperature,
etc.) and see how the dynamics of GNW (ignition), and the resulting ®, behave.
If ® correlates with ignition and behaves consistently with other IIT predictions,
this strengthens the theory.

However, even if |IT is the "correct theory” of how consciousness arises from
the physical, it is still a functionalist theory at its core. It describes the struc-
ture of experience (its differentiation and integration) in terms of its underlying
causality. This does not explain the leap to the phenomenological character.

The GNW model can reveal dynamic and emergent information integration
patterns that are not obvious. "Ignition” can be an elegant mechanism for the
formation of a transient "consciousness field”. Studying how ignition modu-
lates ® can provide insights into how the GNW architecture can generate inte-
grated processing states.

This expands knowledge about information integration, which is a crucial
aspect of consciousness, but not necessarily the Hard Problem itself. It may be
that subjective experience is a "byproduct” or an "emergent property” of this
integration, but the explanation of how this emergence occurs has not been
given.

IIT attempts to "solve” the Hard Problem by stating that consciousness is
integrated information. If a system has ® > 0, it has consciousness. It is not
that consciousness emerges from ®, but rather that ® is consciousness. This
is the "solution” of IIT, and the GNW model helps to test it mechanistically.

Many philosophers (and scientists) do not consider this a satisfactory solu-
tion to the Hard Problem. For them, IIT is "dissolving” the problem, redefining
consciousness as integrated information, instead of explaining why integrated
information generates experience. In short: "Why does integrated information
Jeel something?”

This work seeks to be a useful contribution to the science of conscious-
ness and to integrated information theory, by validating and refining IIT in a
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dynamic computational model context; proposing a plausible mechanism for
the emergence of highly integrated (ignition) states in neural networks; To pro-
vide a quantifiable framework for studying the relationship between neuronal
dynamics and consciousness metrics.

However, the "approximate resolution” of the Hard Problem remains an open
and largely philosophical question. This work can, at most, explain what con-
sciousness is in terms of integrated information and how it manifests dynam-
ically in the GNW model, proposed here, with Hopfield Networks. Why and
how this generates subjective experience, the fundamental explanatory gap,
persists.

The hypothesis that consciousness is the emergence of an ordered global
state, resulting from a phase transition (exploitable with the statistical me-
chanics of the GNW model, and measurable with ®), is a scientific approach
expected to be useful and promising for advancing our understanding of the
neuronal and informational mechanisms of consciousness. This hypothesis
does not eliminate the Hard Problem from philosophy, but transforms it into
an empirically constrained question, focused on the gap between the mecha-
nistic description (however complete it may be) and the phenomenological ex-
perience. If it does this, it brings us closer to a more complete understanding
of what it means to be conscious.
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8 Appendix. Mathematical Preliminaries.

Statistical and Temporal Means

Consider an observable A : S — R, defined in the state space S of a stochastic
Hopfield network, with Boltzmann probability. The statistical mean of A is
calculated over all possible states of the system, weighted by their respective
probabilities:

Aest = Y P(x)A(x

x€eS
This represents the average value of the observable, considering all possible
configurations of the system.

The temporal mean is calculated along a stochastic temporal trajectory of
the system. The trajectory is generated by the stochastic dynamics of the net-
work:

(A)temp = hm

S
!
8
HM%

where
x(t) is the state of the system at time ¢,

T is the temporal duration of the trajectory. In practice, we approximate
this average with a finite time T:

Ay = = 3~ AGx(1)

This average represents the average value of the observable over time, following
the evolution of the system.

Let’s now look at the role of Ergodicity: A system is ergodic if, over time, it
explores its entire space of accessible states uniformly.

Ergodicity is the property that ensures that the time mean is equal to the
statistical mean. Formally:

<A>est temp m Z A

Ergodicity in the Model GNW. If the Hopfield stochastic networks (in the
modules and in the workspace) are well designed (e.g., with an appropriate
noise level), then ergodicity can be a reasonable approximation.

Noise (stochasticity) in the network helps to explore the state space and
avoid getting stuck in unrepresentative local minima.
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If the network is not ergodic (e.g., at low temperatures, or with very strong
interactions), then the time average may not be equal to the statistical average;
the simulation of a single time trajectory may not provide an accurate picture
of the system’s behavior. How can we practically assess whether ergodicity is
a good approximation? Let’s see:

Convergence of Means: monitor the convergence of the time averages. If the
averages stabilize after a certain period of time, this suggests that ergodicity
may be a good approximation.

Sensitivity to Initial Conditions: run multiple simulations with different
initial conditions and check if the results are similar.

If the results depend strongly on the initial conditions, this may indicate
that ergodicity is not valid.

Ergodicity is therefore a crucial assumption that allows the use of time aver-
ages as an approximation for statistical averages, making it possible to analyze
the behavior of the GNW system with computational simulations. The validity
of this approximation must be verified to ensure the accuracy of the results.

How to estimate the probability P(A(x(¢))) with sampling?

P(A(x(t))) represents the probability that the observable A has a certain value
when the system is in the state x(¢) at time ¢.

ExampLEs: (i). A = ¢;. In this case §;(x(t)) = z;(t), and P(z;(t))) represents
the probability that the neuron 7 has a certain value (p,,1), when the system is
in the state x(¢) at time ¢. (ii). A = Ov, the overlap of the current state of the
system with a memory pattern & W,

SAMPLING APPROACH

1. SimuLaTiON: Simulate the stochastic Hopfield network for a long period of
time 7.

2. Dara CoLLECTION: At each time step ¢, record the state of the system x(t)
and the value of the observable A(x(t)).

3. OBSERVABLE DiscrETIZATION (if necessary): If the observable A(x) is con-
tinuous, discretize its range of values

into K bins.

4. OccurRrRENCE CouUNTING: Count how many times the observable A(x(t))
falls into each bin during the simulation.

5. ProBaBILITY EsTimaTION: Normalize the counters to obtain an estimate of
the probabilities.

MATHEMATICAL FORMALIZATION
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1. Define a counter C(k) for each bin k. At each time step ¢, determine in
which bin A(x(¢)) falls and increment the corresponding counter. Define

T

Ck) =) I(A(x(1)) € (ax, ar+)

t=1
where I is the indicator function:

1 it A(x(t)) € (ak, @kt
AX(®) € (@ arn) = o Giherwise
2. Probability Estimation. Estimate the probability of A(x(¢)) being in bin &

as: C<k)
P(A(X(t)) € (ak>ak+1]) ~ T

Average values. The statistical mean of a variable A : S — R, is given by:

(Aest = Z A(x)P(x) (28)

xeS

This sum is impractical to calculate directly and, therefore, is approximated
by the time average calculated over a time trajectory, ¢t — x(t), generated by
updating the states of the neurons by the Metropolis method, as we saw before:

I 29)

In a stochastic Hopfield network, the variables (e.g., the state of a neuron)
fluctuate over time due to stochasticity and the interactions between neurons.

The time average is an average value calculated over a sufficiently long pe-
riod of time so that the fluctuations cancel out and the system reaches a state
of statistical equilibrium.

So, if, as before, z;(¢) is the state of neuron i at time ¢. The time average of

z,; is defined as:
T

) 1
(Ti)temp = %gr;o T ; z;(t) (30)

where T is the simulation time, over which the average is calculated.

In practice, since we cannot simulate the system for an infinite time, we
approximate this average by a value calculated over a finite period of time:

T
1
<xi>temp ~ ﬁ tzl Qfl(t)

The value of T must be large enough for the system to reach a steady state and
for the fluctuations to be sufficiently attenuated.
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Simulation. We simulate the Hopfield stochastic network for a discretized
time period T € NAt. At each time step t € NAt, we record the states of
the neurons z;(¢) in the modules and in the workspace. After the simulation,
we calculated the time averages for each neuron and for the relevant order
parameters.

For example, the network overlap q is calculated as:
LN
_ 2
= 2 .

where (z;) ~ 1 S, z;(t) is the time average of the neuron i’s state.

This average gives an idea of how much time neuron ¢ spends in each state
(+1 or —1). If (x;) is close to +1, the neuron is almost always active. If (z;)
is close to —1, the neuron is almost always inactive. If (z;) is close to 0, the
neuron spends approximately the same amount of time in both states. Since
we squared it, (z;)?, then

* g ~ 1 indicates that most neurons in the workspace spend most of their
time in a consistent state (all active or all inactive). This means that the
workspace exhibits ordered and coherent activity.

* g ~ 0 indicates that the neurons in the workspace are frequently switch-
ing between active and inactive states, or that they are equally distributed
between active and inactive over time. This suggests a lack of order and
coherence in the workspace, corresponding to a state of confusion or dis-
order. For order parameters such as q, first calculate the temporal average
of each neuron individually, and then calculate the average over all neu-
rons.

Practical Considerations Before calculating the averages, we must wait for
the system to reach an equilibrium state. We ignore the first steps of the simu-
lation to ensure that the system is not influenced by the initial conditions. We
must choose a sufficiently large value of T so that the averages converge to a
stable value.

This convergence can be monitored by visualizing the temporal evolution
of the averages and checking if they stabilize. Finally, we must run several
simulations, with different initial conditions, to verify if the results are robust
and do not depend on the initial choice of the neuron states.

In this way, it will be possible to calculate precise and relevant temporal
averages for the analysis of the system’s behavior and the identification of phase
transitions.
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Distinction between Ising and Spin-Glass Models: Application
to Stochastic GNW

This section seeks to clarify the fundamental distinction between the Ising
model and Spin-Glass systems, explaining why a GNWmodel, with stochastic
Hopfield networks, that serve as the basis for associative memory, can exhibit
Spin-Glass-characteristic behaviors, despite having a classical formulation as
an Ising model.

The Ising model is the simplest model in statistical mechanics to describe
magnetic interactions in materials.

* It consists of a set of "spins” (or neurons, in the context of neural networks)
S; € {—1,+1}, arranged in a network (for example, a 1D, 2D or complete
network).

* The spins interact in pairs. The strength and type of interaction between
two spins S; and S, is given by a coupling coefficient J;;. The total energy
of the system is given by:

E==) JySiS —> hiSi (32)
(4.4) (

where (i, j) denotes interacting spin pairs (often just near neighbors), and
h is a local external magnetic field.

In the classical Ising model (e.g., for ferromagnetism), the J;; are typically
POSITIVE (J;; > 0), which means that neighboring spins tend to align (fer-
romagnetism). If they were negative (J;; < 0), they would tend to misalign
(antiferromagnetism).

¢ At low temperatures, the system transitions to an ordered state (e.g., all
spins up or all down), exhibiting a global order parameter such as the
average magnetization.

A Hopfield network is, in fact, an Ising model with long-range couplings
Ji;,» between all pairs of neurons, where J;; are defined by Hebb’s rule for
memorizing patterns (£"). The energy of the Hopfield network is the same
as the Ising model, where the energy of the states is given by:

E(S) = —% Z JijSiS; — Z hiS; (33)
i#£] i

Here, J;; are the synaptic weights, analogous to the J;; of the Ising model.

Stochastic dynamics using the Metropolis method is a way to simulate an

Ising model at a given temperature.

* Spin-glasses are a specific class of Ising models (or more complex physical
models) that have two crucial characteristics:
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Competitive Interactions (Frustration): the couplings J;; are a mixture of
ferromagnetic (J;; > 0) and antiferromagnetic (J;; < 0) interactions, often
randomly distributed.

Quenched Disorder: the distribution of J;; is fixed and random over time
(does not change dynamically), representing a "frozen disorder” in the ma-
terial.

Combining these characteristics leads to an extremely complex and rough
energy landscape, with many notable properties:

* Frustration: it is impossible to satisfy all interactions simultaneously.
For example, if S; and S, want to align (J;» > 0), S, and S; want to align
(Jo3 > 0), but S; and S3 want to misalign (J;3 < 0), then one of them will
become "frustrated”.

* Many Ground States: in contrast to ferromagnets that have few ground
states (all up/all down), Spin-Glasses have an exponentially large number
of ground and metastable states, all with very close energies.

¢ Slow and Complex Dynamics: The network gets "stuck” in local energy
valleys (spurious attractors), leading to a very slow and non-exponential
relaxation dynamics, characterized by "aging” and "noise memory”. Spin-
Glass Phase: At low temperatures, Spin-Glasses enter a phase where
there is no global magnetic order (like average magnetization), but there
is a more subtle "order” characterized by the Spin-Glass order parameter
(9z4), which measures the correlation between replicas.

* The GNW model uses Hopfield networks, and this is where the connec-
tion becomes clear. The weight matrix J;; of a Hopfield network (defined
by Hebb’s rule) can contain both positive and negative interactions, de-
pending on the memorized patterns. If the patterns are orthogonal, the
interactions can be balanced. However, with random and non-orthogonal
patterns, the weight matrix will inevitably generate frustration.

* When the storage capacity C = p/N exceeds the critical limit (C. ~ 0.14),
the Hopfield network enters the confusion phase or Spin-Glass phase. In
this phase, the network can no longer reliably recover pure patterns, but
clings to many spurious attractors. This is the characteristic of Spin-
Glass dynamics.

* The coupling strength J,; between modules and the Workspace (and
the connections within each module and the Workspace) also introduces
an element of disorder and complexity. If the coupling is not perfectly
homogeneous and positive, it can induce frustration in the global system.

Therefore, when it is said that the stochastic GNW model can be "Spin-
Glass”, it is because:
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1. The underlying Hopfield subsystems can exhibit the Spin-Glass phase
when overloaded (C > C,).

2. The coupling between the subsystems can introduce additional frustra-
tion, creating a globally complex and rough energy landscape, character-
istic of Spin-Glass systems.

3. Stochastic dynamics by the Metropolis method allows the system to ex-
plore this complex energy landscape in search of low-energy states, which
may include these spurious Spin-Glass attractors.

The stochastic GNW model is therefore an Ising model (in its fundamental
formulation of spins and interactions), but its complex and potentially frustrat-
ing interactions, especially when Hopfield subsystems operate near or above
their storage capacity, cause it to exhibit behaviors characteristic of the Spin-
Glass phase. Identifying this phase and understanding its role in cognition
(and in the possible emergence of consciousness) is an important goal.

Arguments for assuming that C = p/N ~ 0 in the GNW model

It is legitimate to consider that the capacity of the Hopfield stochastic networks,
which constitute the local modules and the workspace of the GNWmodel, tends
to 0. This assumption has important implications for the interpretation and
functionality of the model, namely:

1. Assuming that p/N — 0 simplifies the mathematical analysis of the sys-
tem. It allows the use of mean-field approximations and facilitates the
identification of equilibrium states.

2. If the main objective of the GNWmodel is to study the integration of infor-
mation between the modules and the workspace, as will be analyzed in
part 2 of this reserch, instead of the storage of memory patterns within
each module, then focusing on a low-capacity regime may be reasonable.

3. The modules should therefore not be interpreted as a storehouse of a large
number of memory patterns, but rather as processors that respond to
inputs and produce simplified representations, to be integrated into the
workspace, which combines the representations of the modules to pro-
duce a global representation. Long-term memory can be modeled sepa-
rately, leaving the modules and the workspace responsible for processing
and integrating information in a shorter time horizon.

4. Phase Transition to Confusion. Stochastic Hopfield networks exhibit a
phase transition between an ordered state (where memory patterns are
stable) and a disordered state (where the network "forgets” the patterns).
This phase transition is controlled by the temperature 7' and the memory
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capacity p/N. The critical temperature 7. is the point at which the phase
transition occurs. Above T,., the network is in a disordered state, and
below T,, the network can remember memory patterns.

5. Interpreting the GNW model as a processor and information integrator,
the phase transition from the ordered state to the state of confusion (dis-
order or forgetfulness) should not be seen as the loss of specific memory
patterns. It should rather be interpreted as the loss of the ability to form
coherent representations in the workspace. If the temperature (or noise)
is too high, the representations of the modules become noisy and uncoor-
dinated, and the workspace cannot integrate this information effectively.
The phase transition can be seen as a loss of global order or correlation
between the modules and the workspace. The disordered state is not
just "random noise,” but a state where the relationship between sensory
stimuli and activity in the workspace becomes weak or nonexistent. The
loss of coherence in the overall representation can be seen as difficulty in
forming a unified conscious experience.

6. Confusion States: In the confusion state (high temperature or noise), ac-
tivity in the workspace becomes random and no longer reflects the coordi-
nated activity of the modules. Ignition becomes impossible because there
is no coherent representation to be amplified.
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